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Abstract—In this paper, we consider the model reduction
problem of large-scale systems, such as systems obtained through
the discretization of partial differential equations. We propose a
computationally optimal randomized proper orthogonal decomposition (RPOD∗ ) technique to obtain the reduced order model by
perturbing the primal and adjoint system using Gaussian white
noise. We show that the computations required by the RPOD∗
algorithm is orders of magnitude lower while its performance
is much better than the BPOD output projection algorithm. We
also relate the RPOD∗ algorithm to Krylov subspace methods
and show that it constitutes a fundamentally different approach
to computational linear algebra problems.

0

500

0.03
0.02

0.02

0.0
01

0.04

0.02

0.01

0.01

1000

1500

2000

x (m)
Fig. 1.

Air pollutant problem
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I.

I NTRODUCTION

In this paper, we are interested in the model reduction
of large scale systems such as those governed by partial
differential equations (PDE). The dimension of the system
is large due to the discretization of the PDEs. For instance,
consider the atmospheric dispersion of an air pollutant [1].
The emission of contaminants on the ground level is shown in
Fig. 1 with four point sources labeled from S1 to S4.
This is a three dimensional problem, and after discretizing
the PDE, the dimension of the system is 106 . Therefore, we are
interested in constructing a reduced order model (ROM) that
can capture the input/output characteristics of the large model
such that this ROM can then be used by a filtering algorithm
for updating the states of the field, such as the Kalman filter.
Also, the actuators and sensors could be placed anywhere in
this field, which leads to a model reduction problem of a largescale system with a large number of inputs/outputs.
In the past few decades, two model reduction techniques, singular value decomposition (SVD)-based methods
and Krylov subspace methods have been studied in detail [2].
Surveys on model reduction methods can be found in, e.g.,
[3], [4].
For large-scale systems, Krylov subspace methods [2], [5]
which compute subspace bases using the Lanczos [6] and
Arnoldi [7] procedures iteratively have been widely used.
Compared with SVD-based methods, the computational and
storage cost using Krylov subspace methods are reduced, while
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in general, important properties of the original system such as
stability and passivity are not preserved [3], [5].
Among SVD-based methods, balanced proper orthogonal
decomposition (BPOD) [8], [9] was proposed as an approximate version of balanced truncation [10]. Balancing transformations are constructed using impulse responses of both the
primal and adjoint system, and hence, the most controllable
and observable modes can be kept in the ROM. In 1978,
Kung [11] presented a new model reduction algorithm in
conjunction with the SVD technique, and the eigensystem
realization algorithm (ERA) [12] was developed based on this
technique. BPOD is equivalent to ERA procedure [13], and
forms the Hankel matrix using the primal and adjoint system
simulations as opposed to the input-output data as in ERA.
The primary drawback of BPOD and ERA is that for a
large scale system, such as that obtained by discretizing a
PDE, with a large number of inputs/outputs, the computational
burden incurred is very high. There are two main parts to
the computation: the first is to collect datasets from computationally expensive primal and adjoint simulations in order to
generate the Hankel matrix. The second part is to solve the
SVD problem for the resulting Hankel matrix.
To reduce the computational cost, various methods have
been proposed in literature. For example, [9] proposed a BPOD
output projection method to address the problem when the
number of outputs is large, albeit the method is still faced with
a very high computational burden when both the numbers of
inputs and outputs are large. In [14], a method is proposed to
reduce the number of snapshots, however, the primary problem
regarding large number of inputs/outputs remains the same.
More recently, [15] proposes a tangential interpolation-based
ERA (TERA) method, which projects the impulse responses of
original system onto suitably chosen directions, and constructs
a projected Hankel matrix. In [16], a CUR-based ERA method
constructs a sub-Hankel matrix by searching over columns and
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rows of the full Hankel matrix. Similarities and differences
between the above mentioned algorithms and the RPOD∗
algorithm, are discussed in detail in Section V-B.
Recently, randomized algorithms, such as random sampling
algorithms and random projection algorithms have received
a lot of attentions in computer science [17], [18] and control
community [19]. For a large scale matrix H, random sampling
algorithms construct a rank k approximation matrix Ĥ by
choosing and rescaling some columns of H according to certain sampling probabilities [17], [20], so the errors are bounded
with high probability. In random projection method [18], a
Gaussian test matrix Ω is generated, and the orthonormal
matrix Q is constructed by performing a QR factorization of
the matrix product HΩ. The large matrix H is projected on
to Q such that the error is bounded with high probability.
We had introduced an RPOD algorithm in [21] that randomly chooses a subset of the input/output trajectories. A subHankel matrix is constructed using these sampled trajectories,
which is then used to form a ROM in the usual BPOD fashion.
The major problem associated with this algorithm is that different choices of sampling algorithms would lead to different
lower bounds, and the choice of a good sampling algorithm
other than the uniform distribution is unclear. In this paper, we
propose the RPOD∗ algorithm where we perturb the primal and
adjoint system with Gaussian white noise, and we show that
the Markov parameters of the ROM constructed using RPOD∗
are close to Markov parameters of the full order system. The
main contribution of RPOD∗ method in model reduction is
that only one primal and one adjoint simulation are needed,
and the construction of the full Hankel matrix is avoided, and
hence, it is computational orders of magnitudes less expensive
when compared to BPOD/ERA algorithms for a large-scale
system with a large number of inputs/outputs. Fundamentally,
the RPOD* constructs a randomized version of the standard
Krylov subspace, which is orders of magnitude less time
and memory consuming than Krylov subspace methods, while
finding the orthonormal basis for the randomized subspace
reduces to a very small symmetric Eigenvalue problem. Owing
to the central importance of Krylov subspace methods in
computational Linear Algebra, we believe that the RPOD*
represents a fundamentally different approach to solving such
problems that is orders of magnitude more efficient, while at
the same time being much more accurate, than standard Krylov
subspace methods.
The rest of the paper is organized as follows. In Section II,
the problem is formulated, and in Section III, we introduce the
partial realization problem and review the BPOD algorithm.
Then we illustrate in a simplified fashion how to relate the
BPOD ROM to the controllable and observable modes of the
system. The RPOD∗ algorithm is proposed in Section IV, and
the formal proofs and results are shown. Also, we discuss
some implementation problems in this section. In Section V,
we compare the RPOD∗ algorithm with related algorithms. In
Section VI, we provide computational results comparing the
RPOD∗ with BPOD output projection for a three dimensional
atmospheric dispersion problem.

II. P ROBLEM F ORMULATION
Consider a stable discrete-time linear input-output system:
x(k + 1) = Ax(k) + Bu(k), y(k) = Cx(k),

(1)

where x(k) ∈ <N , u(k) ∈ <p , y(k) ∈ <q are the states,
inputs, and outputs at discrete time instant k respectively, k =
1, 2, · · · . Assume that A, B, C matrices are real.
The adjoint system is defined as:
z(k + 1) = A0 z(k) + C 0 v(k),w(k) = B 0 z(k),
N

q

(2)

p

where z(k) ∈ < , v(k) ∈ < , w(k) ∈ < are the states,
inputs, and outputs of the adjoint system at time k respectively.
Denote (.)0 as the conjugate transpose of (.).
Definition 1. The Markov parameters of the system are
defined as hk = CAk−1 B, k = 1, · · · .
Assumption 1. Assume that A is stable and diagonalizable.
Under Assumption 1, let,
 0 

U1
λ1



. 
0
.
..
A = V ΛU = (V1 · · · VN ) 
  ..  ,
0
UN
λN
(3)
where λi is the ith eigenvalue, and (Vi , Ui ) is the corresponding right and left eigenvector, i = 1, 2, · · · N .
Definition 2. A mode (λi , Vi , Ui ) is not controllable if
Ui0 B = 0 and is not observable if CVi = 0, where (λi , Vi , Ui )
is the ith eigenvalue-eigenvector pair.
We partition the eigenvalues and eigenvectors (Λ, V, U ) into
four parts:
 0 
 0 0 
Uco
Λco
Vco
0
0
Λcō

 
 Ucō
Vcō
A= 0 
 U 0  , (4)
Λc̄o
Vc̄o
c̄o
0
0
Uc̄ō
Λc̄ō
Vc̄ō
where (Λco , Vco , Uco ) are the controllable and observable
modes, (Λcō , Vcō , Ucō ) are the controllable but unobservable
modes, (Λc̄o , Vc̄o , Uc̄o ) are the uncontrollable but observable
modes, and (Λc̄ō , Vc̄ō , Uc̄ō ) are the uncontrollable and unobservable modes.
In this paper, we consider the model reduction problem for
large-scale systems with a large number of inputs/outputs. The
goal is to construct a ROM such that given the same input u(k),
the outputs of the ROM ŷ(k) are close to the outputs of the
full order system y(k), i.e., y(k) − ŷ(k) is small, k = 1, 2, · · · .
Denote the number of the controllable and observable modes
is exactly l throughout the paper. First, we summarize all the
assumptions made in this paper.
A1. A is stable and diagonalizable.
A2. l  N .
0
0
A3a. Uc̄o
B = 0, Uc̄ō
B = 0, CVcō = 0, CVc̄ō = 0.
0
0
A3b. Uc̄o B = C1 , Uc̄ō
B = C2 , CVcō = C3 , CVc̄ō =
C4 , where  is a small number, C1 , C2 , C3 , C4 are constant
0
matrices. And if kUco
Bk = O(kC5 k), kCVco k = O(kC5 k),
then kC1 k, kC2 k, kC3 k, kC4 k = O(kC5 k), where C5 is a
constant matrix, k.k denotes the spectral 2-norm of (.).
The structure of the paper is summarized in Figure 2.
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then the ROM Â = Φ0 AΨ, B̂ = Φ0 B, Ĉ = CΨ is a partial
realization of (A, B, C), and matches 2s Markov parameters.
The biorthogonal bases Φ and Ψ can be constructed using
different approaches, such as Krylov subspace methods and
balanced truncation methods. In the following, we briefly
review the BPOD algorithm, which constructs R(A, B) and
O(A, C) using primal and adjoint simulations and constructs
the biorthogonal bases by solving a SVD problem. A simplified
analysis is given to illustrate how transformation bases and
Markov parameters of the ROM constructed using BPOD
algorithm can be related to the controllable and observable
modes (Λco , Vco , Uco ) of the system matrix A.

A1 and A2 are satisfied

A3a is satisfied
(Ideal)

A3b is satisfied
(Practical)

Proposition 1
(Simplified Analysis,
Section III-C)

Proposition 2,
Proposition 3
(Perturbation analysis
of Proposition 1,
Section IV)

Fig. 2.

Structure of the Paper

B. BPOD Algorithm
Discussion on Assumptions. For most of practical applications we consider, A1 is satisfied. A2 needs to be satisfied
for the system to have a ROM, this assumption is typically
satisfied for a large-scale system. It should be noticed that from
Definition 2, assumption A3a is the statement of controllability/observability of different modes of the system. However,
0
in practice, Uc̄o
B, CVcō are never exactly zero, and hence, in
0
assumption A3b, we assume that kUc̄o
Bk ∝ , kCVc̄o k ∝ ,
where  is small.

Consider the stable linear system (1)-(2), let B =
[b1 , · · · , bp ] where bi , i = 1, · · · , p is the ith column of
B, and C = [c01 , · · · , c0q ]0 , where cj , j = 1, · · · , q is the
j th row of C. The BPOD algorithm [9] is summarized in
Algorithm 1. For simplicity, we assume that in both the primal
and adjoint simulations, we take s snapshots at discrete time
0, 1, · · · , s − 1.
C. Simplified Analysis

III. PARTIAL R EALIZATION P ROBLEM
In this section, first, we introduce the partial realization
problem, and then we briefly review the BPOD algorithm,
an approach used to solve the partial realization problem. A
simplified analysis is provided, which is critical to understand
the intuition behind the proposed RPOD∗ algorithm in Section
IV.

First, we construct a modal BPOD ROM by projecting
the BPOD bases (Tb , Sb ) onto the ROM eigenspace as in
Algorithm 2.
Under assumptions A1, A2, and A3a, we have the following
result.
Proposition 1: Denote (Âb , B̂b , Ĉb ) as the modal ROM constructed using Algorithm 2, (Φb , Ψb ) as BPOD modal bases.
Then

A. Preliminaries
Denote the finite reachability matrix R(A, B) and observability matrix O(A, C), respectively, as

Âb = Φb AΨb = Λco ,

R(A, B) = [B, AB, · · · , As−1 B] ∈ <N ×ps ,
O(A, C) = [C 0 , A0 C 0 , · · · , (A0 )s−1 C 0 ]0 ∈ <qs×N ,

(5)

where s is a finite number. The span of the columns of
the matrix R(A, B) is denoted as span col R(A, B), and is
referred to as a Krylov subspace.
Given a finite sequence of Markov parameters, the partial
realization problem is defined as follows.
Definition 3 [2], [22]. Given a finite sequence of Markov
parameters hk , k = 1, · · · , 2s, the partial realization problem
consists of finding a positive integer N and constant matrices
(A, B, C) such that hk = CAk−1 B, A ∈ <N ×N , B ∈
<N ×p , C ∈ <q×N , k = 1, · · · , 2s. Then (A, B, C) is called a
partial realization of the sequence hk .
Partial Realization by two-sided projection [2], [23]. Let
biorthogonal bases Φ ∈ <N ×l , Ψ ∈ <N ×l be full column rank
matrices, where Φ0 Ψ = I, and:
span col Ψ = span col R(A, B),
span col Φ = span col O(A, C)0 ,

(6)

0
B̂b = Φb B = Uco
B,

Ĉb = CΨb = CVco ,

(15)

where (Λco , Uco , Vco ) are the controllable and observable
B̂b = CAk−1 B, k =
modes of the system, and Ĉb Âk−1
b
1, 2, · · · .
Proof: The snapshot ensemble Xb can be written as:
Xb = [b1 , · · · , bp , · · · , As−1 b1 , · · · , As−1 bp ],
= [B, AB, · · · , As−1 B] = R(A, B).

(16)

Similarly, the adjoint snapshot ensemble Zb is:
Zb = [C 0 , A0 C 0 , · · · , (A0 )s−1 C 0 ] = O(A, C)0 .

(17)

Under assumptions A1 and A3a, and from (4), we have:
b
b
b
b
Xb = Vco αco
+ Vcō αcō
, Zb = Uco βco
+ Uc̄o βc̄o
,

(18)

b
b
b
b
where αco
, αcō
, βco
, βc̄o
are some coefficient matrices.
We can prove that

span col Vco ⊆ span col Ψb = span col R(A, B),
span col Uco ⊆ span col Φ0b = span col O(A, C)0 ,

(19)
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Algorithm 1 BPOD Algorithm
1) Collect impulse responses Xb of the primal system (1):
Use bi , i = 1, · · · , p as initial conditions for (1) with
u(k) = 0, k ≥ 0. Take s snapshots at discrete times
0, 1, · · · , s − 1, and

Algorithm 2 BPOD modal ROM Algorithm
1) Construct BPOD ROM (Ab , Bb , Cb ) and BPOD bases
(Tb , Sb ) using BPOD Algorithm 1.
2) Solve the eigenvalue problem of Ab :
Ab = Pb Λb Pb−1 ,

Xb = [x1 (0), · · · , xp (0), · · · , x1 (s − 1), · · · , xp (s − 1)],
(7)

2)

where xi (t) is the state snapshot at time instant t with
bi as the initial condition, t = 0, 1, · · · , s − 1 and i =
1, 2, · · · , p, ps ≥ l.
Collect impulse responses Zb of the adjoint system (2):
Use c0j , j = 1, · · · , q as initial conditions for (2) with
v(k) = 0, k ≥ 0. Take s snapshots at time 0, 1, · · · , s −
1, and

3)

where Λb is a diagonal matrix contains the eigenvalues as diagonal entries, and Pb are the corresponding
eigenvectors.
Construct BPOD modal bases:
Φb = Pb−1 Sb0 , Ψb = Tb Pb ,

4)

(12)

(13)

The modal ROM is:
Âb = Φb AΨb , B̂b = Φb B, Ĉb = CΨb .

(14)

Zb = [z1 (0), · · · , zq (0), · · · , z1 (s − 1), · · · , zq (s − 1)],
(8)
where zj (t) is the state snapshot of the adjoint system at
time t with c0j as the initial condition, t = 0, 1, · · · , s−1
and j = 1, 2, · · · , q, and qs ≥ l.
3) Construct Hankel matrix Hb , and solve the SVD problem,

 0
Σb 0
Rb
0
Hb = Zb Xb = (Lb L1 )
, (9)
0 Σ1
R10
where Σb contains the first l non-zero singular values,
and (Lb , Rb ) are the corresponding left and right singular vectors.
4) Construct BPOD bases:
−1/2

5)

−1/2

L0b Zb0 ,

(10)

Ab = Sb ATb , Bb = Sb B, Cb = CTb .

(11)

Tb = Xb Rb Σb

, Sb = Σb

The ROM is:

and hence, BPOD modal ROM (Âb , B̂b , Ĉb ) is a partial realization of (A, B, C). The formal proof is shown in Appendix
A.
Discussion on Proposition 1. The Hankel matrix Hb ∈
<qs×ps has rank l, where l  N, ps, qs. From the development
of Proposition 1, we see that if there exists two matrices
Xopt , Zopt , such that span col Vco ⊆ span col Xopt and span
col Uco ⊆ span col Zopt , then the same modal ROM can
be constructed. Moreover, only l snapshot may be enough to
extract all the controllable and observable modes of the system.

A. Computationally Optimal Snapshot Ensemble
Definition 4. Under assumptions A1, A2 and A3a, a computationally optimal primal snapshot ensemble Xopt is an lsnapshot ensemble of rank l which can be written as
Xopt = Vco αopt + Vcō ᾱopt ,
|{z} |{z} |{z} | {z }
N ×l

N ×l l×l

(20)

N ×l

where αopt is a rank l constant matrix, and ᾱopt is a constant
matrix of suitable dimensions.
A similar definition suffices for the computationally optimal
adjoint snapshot ensemble Zopt .
Under assumptions A1, A2 and A3a, A is stable, and there
exists a finite number s, such that kAs k ≈ 0, we have the
following result.
Proposition 2: The computationally optimal primal snapshot ensemble Xr can be constructed by perturbing the primal
system (1) with white noise u(k), and collecting l snapshots at
time t1 , t2 , · · · , tl , i.e., Xr = [x(t1 ), x(t2 ), · · · , x(tl )], where
tl ≥ s, kAs k ≈ 0, and l is the number of the controllable and
observable modes of the system.
Proof: The state snapshot x(k) at time k is:
x(k) =

k−1
X

Ai Bu(k − i), k = 1, 2, · · · ,

(21)

i=0

where u(k) is white noise.
IV.

C OMPUTATIONALLY O PTIMAL R ANDOMIZED P ROPER
O RTHOGONAL D ECOMPOSITION (RPOD∗ )
In this section, first, we define the computationally optimal snapshot ensemble and prove that snapshot ensembles
generated by perturbing the primal/adjoint system with white
noise are computationally optimal snapshot ensembles. Then
we propose the RPOD∗ algorithm in Section IV-B. We discuss
implementation issues of the algorithm in Section IV-C.

The snapshot ensemble Xr consists of two parts, snapshots
taken before time s and snapshots taken after s.
Consider the snapshot ensemble which takes s snapshots
from time k = 1 to k = s, then from (21),

(x(1) x(2) · · · x(s)) = B AB · · · As−1 B ×
{z
}
|
R(A,B)

5

u(1)
 0
 0

 .
 ..


0
|

u(2) · · ·
u(1) · · ·
0
···
..
.
···
0
···


u(s − 1)
u(s)
u(s − 2) u(s − 1)
u(s − 3) u(s − 2)
,

..

···
.
0

(22)

u(1)

{z

}

Ω

where R(A, B) is the observability matrix. Denote Ω =
(ω1 ω2 · · · ωs ), where ωi is the ith column of Ω. The Ω
matrix above has columns that are linearly independent since
it is upper triangular.
The snapshot x(k) taken after s can also be written as:
x(k) = R(A, B)ωk , k > s, where ωk is a column vector which
is also independent of the columns of Ω with probability 1.
Thus, RPOD∗ snapshot ensemble Xr can be written as:
Xr = R(A, B) (ωt1 ,

··· ,

ωtl ) = R(A, B)Ω1 ,

Algorithm 3 RPOD∗ Algorithm
1) Perturb the primal system (1) with white noise u(k),
collect l snapshots at time t1 , t2 , · · · , tl , where tl ≥ s,
l is the number of controllable and observable modes
present in the snapshot ensembles and kAs k ≈ 0.
Denote the snapshot ensemble Xr as:
Xr = (x(t1 ) x(t2 ) · · ·
2)

where Ω1 has full column rank. Thus,
b
Vco αco
Ω1

Xr = R(A, B)Ω1 =
= Vco αco +Vcō αcō ,
|{z} |{z}

+

b
Vcō αcō
Ω1

(24)

4)

N ×l l×l

where rank (αco ) = l. Hence, Xr is a computationally optimal
snapshot ensemble.
B. RPOD∗ Algorithm
The RPOD∗ algorithm is summarized in Algorithm 3. Under
assumptions A1, A2 and A3b, the following result holds.
Proposition 3: Denote (Ar , Br , Cr ) as the ROM constructed using RPOD∗ following Algorithm 3. If we keep the
first l non-zero singular values in (27), then kCr Ak−1
Br −
r
CAk−1 Bk ∝ O(), k = 1, · · · , where  is a small number
defined in assumption A3b.
Proof: The proof of Proposition 3 uses perturbation theory
[24], [25] to extend the proof of the idealized Proposition 1
such that A3b holds instead of A3a. Under assumption A3b,
the actual snapshot ensembles can be written as:
Xr = Vco αco + Vcō αcō + Vc̄o δαc̄o + Vc̄ō δαc̄ō ,

(32)

where δαc̄o = αc̄o , δαc̄ō = αc̄ō and  is small. Therefore,
kVc̄o δαc̄o + Vc̄ō δαc̄ō k = O() are small perturbations of the
ideal snapshot ensemble, and we can expect the ideal result to
be perturbed by a small amount as well.
The formal proof is shown in Appendix B.
Corollary 1:  is assumed to be a small number in assumption A3b, and  can also be related to σl+1 as follows.
kCr Air Br − CAi Bk ∝ O() ∝ O(σl+1 ).

(33)

The proof is shown in Appendix C.
C. Implementation Issues
Here we give the insight into how to collect snapshot
ensembles.
From the analysis in Section IV-A, we only need to collect
l snapshots from primal and adjoint simulations. However, l is

z(tl )) .

(26)


Rr0
,
Ro0

(27)

Solve the SVD problem:
Zr0 Xr

(23)



= (Lr

Σr
Lo )
0

0
Σo



where Σr contains the first l non-zero singular values
σ1 ≥ σ2 ≥ · · · , ≥ σl > 0, (Rr , Lr ) are the corresponding right and left singular vectors.
Construct bases:
Tr = Xr Rr Σ−1/2
, Sr = Σ−1/2
L0r Zr0 .
r
r

5)

7)

(28)

Construct the ROM Ã, find the eigenvalues Λr and
eigenvectors Pr of Ã.
Ã = Sr ATr = Pr Λr Pr−1 ,

6)

(25)

Perturb the adjoint system (2) with white noise v(k),
collect l snapshots at time t1 , t2 , · · · , tl . Denote the
adjoint snapshot ensemble Zr as:
Zr = (z(t1 ) z(t2 ) · · ·

3)

x(tl )) .

(29)

Construct RPOD∗ bases:
Φr = Pr−1 Sr , Ψr = Tr Pr .

(30)

Ar = Φr AΨr , Br = Φr B, Cr = CΨr

(31)

The ROM is:

not known a priori, thus, in practice, we estimate the number of
snapshots need to be collected as follows. Suppose we collect
m snapshots. We start with a random guess m  N , or we
can choose m from experience. For instance, in a fluid system
with N = 106 , l is usually O(10) ∼ O(102 ), and hence, we
start with m = O(10). Then we check the rank of Zr0 Xr . If
Zr0 Xr has full rank, i.e., rank (Zr0 Xr ) = m, it is possible that
we did not take enough snapshots, and we increase m, until
rank (Zr0 Xr ) < m.
Selecting snapshots varies for different problems and here,
we only provide a heuristic approach. More specifically, we assume that m snapshots are taken at time steps T, 2T · · · , mT ,
WLOG, and we discuss how to choose T . We require that
mT ≥ s, where kAs k ≈ 0. In Fig. 3, we show one
simulation result comparing the accuracy of the ROMs using
T = 3, 5, 10, 20, 50 for the atmospheric dispersion problem
introduced in Section VI. Here, s = 900, and m = 300. The
error is defined in (38), and we take the average of the error
for each ROM. It can be seen that as T increases, the ROM
is more accurate, while it takes longer time to generate the
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Snapshot Selection: Effect of T

snapshots. Thus, this is a trade-off between the accuracy and
computational efficiency.
V. C OMPARISON WITH RELATED A LGORITHMS
Now we consider the RPOD∗ algorithm from a more general
point of view.
The RPOD∗ snapshot ensemble can be written as
Xr = [B, AB, · · · , As−1 B]Ω1 ∈ <N ×l ,
ps×l

where Ω1 ∈ <

(34)

is a full rank matrix. Therefore,

span col Xr = span col R(A, B).

(35)

Note that this is the fundamental difference with all Krylov
subspace methods. The construction of, and finding the bases
of the Krylov subspaces is both time and memory expensive when the dimension of the system and the number
of inputs/outputs are large. The RPOD∗ can be viewed as
constructing a randomized version of the Krylov subspaces that
is orders of magnitude less time and memory consuming than a
typical Krylov subspace method, while solving a much smaller
symmetric l × l Eigenvalue problem to find the orthonormal
bases, such that:
span col Ψr = span col Xr .

(36)

Furthermore, owing to the central importance of Krylov subspace methods in computational linear algebra, we believe that
the RPOD* represents a fundamentally different approach to
solving such problems that is orders of magnitude less time
and memory consuming, while being much more accurate.
A. Comparison with BPOD
As we mentioned in Section III-B, p + q simulations are
needed for BPOD algorithm. It is expensive to store (p + q)s
snapshots, and it is expensive to solve the resulting SVD
problem due to the large size of the problem. For RPOD∗
algorithm, only (1 primal + 1 adjoint) simulations are needed,
and only 2l, where l  s snapshots need to be stored. Also,
it is easy to solve the resulting SVD problem.
Another practical problem with impulse responses snapshots
is that snapshots after some time are dominated by very few
slow modes. On the other hand, RPOD∗ trajectories are white
noise forced, and all the modes are always present in all
snapshots due to the persistent excitation of white noise terms
[26]. Hence, RPOD∗ snapshots can be taken till time s, and
be assured that all of the relevant modes will be captured.

B. Comparison with BPOD output projection, RPOD, TERA
and CUR-based ERA
As we mentioned in Section I, various methods have been
proposed to reduce the computational cost of solving SVD
problem of the large Hankel matrix when the number of
inputs/outputs is large. In Table I, the methods are divided
into two groups: methods based on BPOD and methods based
on ERA. Further, the methods are categorized based on the
schemes to construct the reduced order Hankel matrix.
BPOD output projection [9] projects the outputs onto a
smaller subspace with projection matrix Θo ∈ <q×no , where
no is the rank of the output projection, and constructs a
projected adjoint system. TERA [15] projects the Markov
parameters onto the smaller input and output subspaces using
W1 ∈ <q×l1 , W2 ∈ <p×l2 respectively, i.e., the projected
Markov parameters ĥk = W10 hk W2 ∈ <l1 ×l2 , k = 1, 2, · · · .
RPOD [21] randomly chooses p̂ columns and q̂ rows of B, C
and constructs the sub-Hankel matrix using these sampled
trajectories. CUR-based ERA [16] constructs the full Hankel
matrix Hb first, and then chooses l columns and rows of the
full Hankel matrix Hb using some optimization algorithms.
Denote the Hankel matrix constructed using RPOD∗ as Hr ,
BPOD output projection as Ho , TERA as Ht , RPOD as Hrs
and CUR-based ERA as Hc . The constructed Hankel matrices
can be viewed as projecting the full order Hankel matrix onto
reduced order Hankel matrices with projection matrices as
follows.
Hr = Ω02 Hb Ω1 ∈ <l×l ,
Ho = Θ0 Hb ∈ <no s×ps ,
Ht = W10 Hb W2 ∈ <l1 s×l2 s ,
Hrs = I1 Hb I2 ∈ <q̂s×p̂s ,
Hc = I3 Hb I4 ∈ <l×l ,

(37)

where Θ is a diagonal matrix with Θo on diagonal entries,
W1 , W2 are diagonal matrices with W1 , W2 on the diagonal
entries respectively. I1 ∈ <q̂s×qs is a 0-1 matrix, such that
in each row, there is only one non-zero term, and I1 (i, j) =
1, i = 1, · · · , q̂s indicate the j th column of Hb is selected.
I2 , I3 , I4 are 0-1 matrices defined similarly.
Computational Complexity Analysis. Denote ∆T as the
time to propagate the primal/adjoint system once. Both TERA
and CUR-based ERA algorithm need to collect 2s Markov
parameters which takes time 2sp∆T . BPOD output projection
algorithm and RPOD algorithm need (p + no ) simulations and
(p̂+ q̂) simulations respectively, and thus, the total computation
time to generate snapshot ensembles is (p + no )s∆T and (p̂ +
q̂)s∆T . RPOD∗ needs 1 primal and 1 adjoint simulation till
time tl , where if we choose tl = s, the total computation time
to generate snapshot ensembles is 2s∆T , which means that
RPOD∗ computational cost is the same as BPOD in a single
input single output system.
It can be seen that RPOD∗ and CUR-based ERA construct
the smallest projected Hankel matrices. Solving SVD problems using Hr , Hc takes time O(l3 ), while CUR-based ERA
requires the storage of the full Hankel matrix, which is avoided
in RPOD∗ . CUR-ERA also requires the solution of a large
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BPOD based
BPOD output projection [9], RPOD∗
RPOD [21]

combinatorial optimization problem to find the optimal set of
inputs and outputs which can be very time consuming, and
which is not required by RPOD*.
VI. C OMPUTATIONAL R ESULTS
In this section, we show the comparison of RPOD∗ with
BPOD output projection for a three dimensional atmospheric
dispersion problem to illustrate the proposed algorithm.
First, we define the error:
Etime (k) =

kytrue (k) − yrom (k)k
,
ku(k)k

(38)

where ytrue (k) are the outputs of the full order system at time
k, yrom (k) are the outputs of the reduced order system, and
u(k) are the inputs.
The frequency response for multiple input multiple output
systems can be represented by plotting the maximum singular
value of the transfer function matrix σmax (H(jω)) as a
function of frequency ω, where σmax (.) denotes the largest
singular value of (.). We define the frequency responses error
as:
Ef re (jω) = |σmax (Htrue (jω) − Hrom (jω))|,

(39)

where Htrue (jω) is the transfer function of the full order
system, and Hrom (jω) is the transfer function of the ROM.
For the experiment below, there are design parameters that
need to be chosen manually, such as the rank of the output
projection, when to take the snapshots, and the size of the
ROM. We have shown the results of the best selections of
these parameters for BPOD output projection algorithm and
RPOD∗ algorithm.
The three-dimensional advection-diffusion equation describing the contaminant transport in the atmosphere is:
∂c
~
~ −X
~s ),
+ ∇ · (c~u) = ∇ · (K(X)∇c)
+ Qδ(X
(40)
∂t
~ t) denotes the mass concentration at location
where c(X,
~ = (x, y, z), X
~s = (xs , ys , zs ) denotes the location of
X
point source, and Q is the contaminant emitted rate. The
simulation domain x ∈ [0, 2000](m), y ∈ [−100, 400](m), z ∈
[0, 50](m), and wind velocity ~u = (4m/s, 0, 0). ∇ denotes the
~ = diag(Kx (x), Ky (x), Kz (x))
gradient operator, and K(X)
is a diagonal matrix whose entries are the turbulent eddy
diffusivities.
The boundary conditions are:
c(0, y, z) = 0, c(∞, y, z) = 0, c(x, ±∞, z) = 0,
∂c
c(x, y, ∞) = 0, Kz (x, y, 0) = 0.
(41)
∂z
The system is discretized using finite difference method, and
there are 100 × 100 × 10 grid points which are equally spaced.

ERA based
Tangential interpolation-based ERA (TERA) [15]
CUR-factored Hankel Approximation [16]
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There are 10 point sources. We take the full field measurements
(except the nodes on x = 0, ∞ and y = ±∞).
In this example, since the system dimension is N = 105 ,
constructing the ROM with full field measurements using
BPOD is computationally impossible, and thus, we only compare RPOD∗ algorithm with BPOD output projection algorithm.
For RPOD∗ algorithm, we collect snapshots sequentially.
The system is perturbed by white noise with distribution
N (0, I10×10 ). One primal simulation and one adjoint simulation are needed. We collect 400 equispaced snapshots from
time t ∈ [0, 4000]s, where at time s = 4000, kAs k ≈ 0, and
extract 380 modes. For BPOD output projection algorithm, we
collect impulse responses from p = 10 primal simulations. We
could not collect all impulse responses from t ∈ [0, 4000]s due
to the memory limits on the platform. Hence, for the best performance available in this example, we collect 300 equispaced
snapshots from t ∈ [0, 300]s for each primal simulation. The
rank of the output projection is 100, and hence, 100 adjoint
simulations are needed, and in the adjoint simulations, we
collect 50 equispaced snapshots from t ∈ [0, 50]s. We can
extract 250 modes.
In Fig. 4(a), we compare Markov parameters of the ROM
constructed using RPOD∗ and BPOD output projection with
the full order system. Also, we perturb the system with random
Gaussian noise, and compare errors in Fig. 4(b).
In Fig. 5(a), we compare frequency responses of the ROM
constructed using RPOD∗ and BPOD output projection with
the full order system. We can see that frequency responses
of the ROMs are almost the same as the frequency responses
of the full order system. In Fig. 5(b), we show the frequency
responses errors.
Comparison of computational time is shown in Table II. It
can be seen that for this example, construction of snapshot ensembles using RPOD∗ is faster than BPOD output projection,
and the dominant computation cost is construction of Z 0 X,
where RPOD∗ algorithm is almost 16500 times faster than
BPOD output projection.

8

TABLE II.
∗

RPOD
output projection

Generate X
55.59s
30.461s

C OMPARISON OF C OMPUTATIONAL T IME

Generate Z
56.23s
421.99s + 9.297s (projection)

σmax (H(jω))

RPOD
BPOD projection

100

Total Time
112.6269s
5781.856s
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Fig. 5.

Solve SVD
0.4859s
9.118s

It can be shown that Λco are the eigenvalues of Ab , and Pb
are the eigenvectors. From (43),

2

10

102

Construct Z 0 X
0.321s
5311s

where C6 =

b
0
b 0
αcō
Rb Σ−1
b Lb (βco ) ,

Φb =

Atmospheric Dispersion Problem Frequency Responses

All of the experiments reported in this paper were performed
using Matlab 2013b on a Dell OptiPlex 9020, Intel(R) Core
(TM) i7-4770CPU, 3.40GHz, 4GB RAM machine.
VII. C ONCLUSION
In this paper, we have introduced a computationally optimal
randomized POD procedure for extraction of ROMs for large
scale systems such as those governed by PDEs. The ROM
is constructed by perturbing the primal and adjoint system
with Gaussian white noise, where the computational cost to
construct snapshot ensembles is reduced when compared to
perturbing the primal and adjoint system with impulses in
BPOD/BPOD output projection algorithm. Also, it leads to
a much smaller SVD problem, and an orders of magnitude
reduction in the computation required for constructing ROMs
over BPOD/ BPOD output projection procedure. The computational results show that the accuracy of RPOD∗ is much more
accurate than BPOD output projection algorithm. We believe
that the RPOD* represents a simple yet fundamentally different approach to Krylov subspace methods in computational
linear algebra, and as such, its potential impact in large scale
linear algebra problems might be highly significant.

Zb0 Xb = Lb Σb Rb0 ,

(42)

l×l

where Σb ∈ <
are the l non-zero singular values and
(Lb , Rb ) are the corresponding left and right singular vectors.
Consider the BPOD ROM:
−1/2

L0b (Zb0 AXb )Rb Σb

−1/2

b
b 0
Rb Σ b
L0b (βco
) Λco αco
{z
}

Ab = Sb ATb = Σb

= Σb
|

−1/2
−1/2

Pb

.

(43)

and similarly,

0
0
= Uco
+ C7 Uc̄o
,

(46)

b
0
b 0
where C7 = αco
Rb Σ−1
b Lb (βc̄o ) . Under assumption A3a, the
modal BPOD ROM constructed using (Ψb , Φb ) is:

Âb = Φb AΨb = Λco ,
0
0
0
B̂b = Φ0b B = Uco
B + C7 Uc̄o
B = Uco
B,

Ĉb = CΨb = CVco + CVcō C6 = CVco .

(47)

And hence, Markov parameters of the ROM are:
0
k−1
B̂b = CVco Λk−1
B, k = 1, 2, · · · .
Ĉb Âk−1
co Uco B = CA
b
(48)

A PPENDIX B
P ROOF OF P ROPOSITION 3
The adjoint snapshot ensemble Zr can be written as:
Zr = Uco βco + Ucō δβcō + Uc̄o βc̄o + Uc̄ō δβc̄ō ,

(49)

where δβcō = βcō , δβc̄ō = βc̄ō ,  is defined in assumption
A3b, βcō , βc̄ō are coefficient matrices. From (32) and (49),
0
0
0
0
Zr0 Xr = βco
αco + δβcō
αcō + βc̄o
δαc̄o + δβc̄ō
δαc̄ō
0
0
0
= βco αco +  (βcō αcō + βc̄o αc̄o ) +O(2 ),
{z
}
|

=
A PPENDIX A
P ROOF OF P ROPOSITION 1
Under assumption A3a, there are exactly l non-zero singular
values in the resulting SVD problem, i.e.,

Pb−1 Sb

(45)

0
βco
αco

E1
2

+ E1 + O( ).

(50)

Denote H̄r as the ideal Hankel matrix constructed with
assumption A3a, and it can be proved that the true Hankel
matrix Hr (assumption A3b is satisfied) can be viewed as
adding a small perturbation of H̄r , i.e.,
0
Hr = Zr0 Xr = βco
αco + E1 = Lr Σr Rr0 + Lo Σo Ro ,
0
H̄r = βco αco = L̄r Σ̄r R̄r0 + L̄o Σ̄o R̄o0 ,
(51)

where Σr ∈ <l×l contains the first l non-zeros singular
values and Lr , Rr are the corresponding left and right singular
vectors, Σo ∈ <(n−l)×(n−l) contains the rest singular values,
with left and right singular vectors Lo , Ro . Similarly, singular
values and singular vectors of the ideal Hankl matrix are
partitioned in the same way.
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From the perturbation theory [24], [25], the perturbed singular values and singular vectors (Σr , Lr , Rr ) are related to
the singular values and singular vectors (Σ̄r , L̄r , R̄r ) as:
Σr = Σ̄r + E2 + O(2 ),
Lr = L̄r + ∆Lr , Rr = R̄r + ∆Rr ,

Ã = Sr ATr = Σ−1/2
L0r Zr0 AXr Rr Σ−1/2
r
r
=

+

E2 )Rr Σ−1/2
.
r

[1]
[2]

(52)

where E2 , ∆Lr , ∆Rr are some matrices, and k∆Lr k,
k∆Rr k ∝ O(). E2 is a diagonal matrix with diagonal
elements ei , where ei ∝ O(), i = 1, 2, · · · l.
Following from procedure in Appendix A, the RPOD∗ ROM
0
Σ−1/2
L0r (βco
Λco αco
r
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